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ON THE h-COBORDISM CATEGORY. I
GEORGE RAPTIS AND WOLFGANG STEIMLE
Abstract. We consider the topological category of h-cobordisms between
manifolds with boundary and compare its homotopy type with the standard
h-cobordism space of a compact smooth manifold.
Contents
1. Introduction 1
2. The h-cobordism category 3
3. Non-unital categories and semi-simplicial spaces 6
4. Basic properties of the h-cobordism category 8
5. Comparison with the h-cobordism space 11
Appendix A. Straightening corners 18
References 22
1. Introduction
The spaces of d-dimensional smooth cobordisms between closed manifolds or-
ganize themselves into a topological category where the composition is given by
concatenating cobordisms. The homotopy type of the classifying space of this
cobordism category was identified with the infinite loop space of a Thom spectrum
[2]. Analogous results have been obtained for variants of this cobordism category,
defined either by considering general tangential structures, or by allowing cobor-
disms between manifolds with boundaries, corners, or Baas-Sullivan singularities
(see, for example, [3] and [6]). These results have turned out to be of fundamental
importance in the study of diffeomorphism groups, characteristic classes, invertible
field theories, and positive scalar curvature metrics.
The composition of two h-cobordisms is again an h-cobordism, so the spaces of
d-dimensional smooth h-cobordisms form a subcategory of the standard cobordism
category. In this paper, we study the homotopy type of (the loop space of) the h-
cobordism category, in the setting of smooth manifolds with boundary, and compare
this with the standard (stable) parametrized h-cobordism space. The latter space
is closely connected with the algebraic K-theory of spaces as a consequence of the
celebrated stable parametrized h-cobordism theorem [8].
Recall that if Md−1 and Nd−1 are manifolds with boundary, a cobordism from
M to N is a compact manifold W d with boundary together with a decomposition
of its boundary into three submanifolds of codimension 0,
∂W = M ∪ ∂hW ∪N,
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such that M and N are disjoint and M ⊔N meets ∂hW in the common boundary
∂M ∐ ∂N = ∂(∂hW ). Such a cobordism is an h-cobordism if each of the inclusions
M →֒W ←֓ N, ∂M →֒ ∂hW ←֓ ∂N
is a homotopy equivalence. As usual, there is a generalization to the case where the
manifolds are endowed with tangential θ-structures. This leads to the definition of
the θ-structured h-cobordism category, denoted by C∼θ . (See section 2 for the details.
For notational simplicity, we suppress from the notation any symbol to indicate the
existence of “horizontal” boundaries.)
We emphasize that in our definition, the horizontal boundary ∂hW can be an
arbitrary h-cobordism between the closed manifolds ∂M and ∂N . This is in contrast
to the h-cobordisms considered in the definition of the standard h-cobordism space,
where one has ∂hW = ∂M× [0, 1] and therefore ∂M = ∂N . An h-cobordism of this
special form will be called a ∂-trivial h-cobordism in this paper. The additional
flexibility of our definition will be of great importance for our comparison between
the classifying space of the h-cobordism category and the h-cobordism space. More
precisely, the h-cobordism space H(M) of a compact smooth (d − 1)-manifold M
is the classifying space for bundles of ∂-trivial h-cobordism which agree with the
trivial M -bundle on one side of the parametrized family of ∂-trivial h-cobordisms,
while the restriction to the other side is an arbitrary bundle of smooth compact
manifolds (see, for example, [8]). Our main result compares, in the case d ≥ 7, the
homotopy type of BC∼θ with the homotopy types of H(M) for different M .
Theorem 1.1. Let Md−1 be an object of C∼θ , d ≥ 7. For any ∂-trivial h-cobordism
(W ;M,N) on M , there is a homotopy fiber sequence
Emb∼θ (M,N)→ ΩMBC
∼
θ → H(M)
where the loop space is based at M , and the homotopy fiber is taken over W .
Here Emb∼θ (M,N) denotes the space of θh-embeddings from M into N . These
have the property that both inclusions of ∂M and ∂N into the complement N −
int(M) are homotopy equivalences (so that, in particular, the embedding itself is
a homotopy equivalence), and there is an identification between the θ-structure on
N induced by (W ;M,N) and the one induced by the embedding. See section 5 for
the precise definition.
An interesting consequence of Theorem 1.1 is in the case where the tangent
bundle of M is regarded as a θ-structure and M is a compact smooth (d − 1)-
manifold of lower handle dimension. Let θM = (ε ⊕ TM → M), where ε denotes
the trivial line bundle.
Theorem 1.2. Let M be a compact connected smooth (d − 1)-manifold of handle
dimension k, regarded as an object of C∼θM , where d ≥ 7. Then there is a (d−2k−2)-
connected map
ΩMBC
∼
θM
(d−2k−2)
−−−−−−→ H(M).
Therefore, after stabilizing both sides by taking products with I (and straight-
ening the resulting corners), we conclude the following corollary as a consequence
of Theorem 1.2 and the stable parametrized h-cobordism theorem [8].
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Corollary 1.3. Let M be a compact connected smooth (d − 1)-manifold. There is
a homotopy equivalence
hocolim
n
ΩM×DnBC
∼
θM×Dn
≃ ΩWhdiff(M).
Here Whdiff(M) denotes the smooth Whitehead space ofM , defined by means of
algebraic K-theory (see [8]). We note that we work entirely in the smooth setting
in this paper.
The strategy for the proof of these results is as follows. First, by the classical
h-cobordism theorem, the category C∼θ is a non-unital groupoid in a homotopical
sense (Section 4). This is indeed the only place where we use the dimension re-
striction – in particular, our techniques apply in any dimension if we restrict to
the cobordism category of invertible cobordisms instead. Using standard homo-
topical techniques discussed in Section 3, it follows that the classifying space BC∼θ
is homotopy equivalent to a disjoint union of spaces of endomorphisms, one from
each component. In Section 5, we analyze geometrically the homotopy type of an
endomorphism space. The main idea is to trade the ∂-triviality of the h-cobordisms
in H(M) with the condition that an h-cobordism in an endomorphism space has
both ends fixed. This leads to Theorem 1.1. Theorem 1.2 follows by analyzing the
homotopy types of the θh-embedding spaces under consideration.
In a sequel to this work, we aim to carry out a different analysis of the homotopy
type of BC∼θ and study directly its connection with algebraic K-theory.
2. The h-cobordism category
In this section, we recall the definition of the cobordism category Cθ [2, 3] and
then define the h-cobordism category C∼θ to be the subcategory of h-cobordisms.
The definition of the cobordism category here uses a slight variation of the defi-
nition of tangential structure as defined in [2] and [3]. We emphasize that objects
(morphisms) are allowed to have boundaries (corners). Moreover, we will need to
allow arbitrary tangential structures as these will play an important role in the
proofs of our main results.
Let R+ := [0,∞), and R
n
〈k〉 := R
k
+ × R
n−k ⊂ Rn.
We call a subsetM ⊂ Rd−1+n〈1〉 a (d−1)-dimensional neatly embedded submanifold
if the following hold:
(i) M ⊂ Rd−1+n〈1〉 is locally diffeomorphic to R
d−1
〈1〉 ⊂ R
d−1+n
〈1〉 . In particular,
∂M =M ∩ ∂Rd−1+n〈1〉 .
(ii) There is ǫ > 0 such that
M ∩
(
[0, ǫ)× Rd−2+n
)
= [0, ǫ)× ∂M,
with the appropriate interpretation of the product on the right hand side as a
subspace of Rd−1+n〈1〉 .
Fix a d-dimensional vector bundle θ = (V → X) over a space X . A θ-structure
on a smooth (d− 1)-dimensional manifold M (possibly with boundary) is a map of
vector bundles lM : ε⊕ TM → θ, where ε denotes the trivial line bundle.
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Note that the boundary of the manifold [0, a]× Rn〈1〉 consists of three boundary
faces, which we denote by
∂0([0, a]× R
n
〈1〉) := {0} × R
n
〈1〉,
∂1([0, a]× R
n
〈1〉) := {a} × R
n
〈1〉,
∂h([0, a]× R
n
〈1〉) := [0, a]× ∂R
n
〈1〉.
We call a subset W ⊂ [0, a]×Rd−1+n〈1〉 a d-dimensional neatly embedded subman-
ifold if the following hold:
(i) W ⊂ [0, a]×Rd−1+n〈1〉 is locally diffeomorphic to R
d
〈2〉 ⊂ R
d+n
〈2〉 . In particular,
W is a smooth d-manifold, possibly with corners.
(ii) There is ǫ > 0 such that
(a) W ∩ ([0, ǫ)× Rd−1+n〈1〉 ) = [0, ǫ)× ∂0W ,
(b) W ∩ ((a− ǫ, a]× Rd−1+n〈1〉 ) = (a− ǫ, a]× ∂1W , and
(c) W ∩ ([0, a]× [0, ǫ)× Rd−2+n) = [0, ǫ)× ∂hW .
Here we use the notation
∂iW := W ∩ ∂i([a, b]× R
n
〈1〉), (i ∈ {0, 1, h})
and the appropriate interpretation of the products on the right. We call ∂hW the
horizontal boundary of W and ∂0W ⊔ ∂1W the vertical boundary of W .
A θ-structure on smooth d-dimensional manifold W (possibly with corners) is
a map of vector bundles lW : TW → θ. Note that such a θ-structure induces a
θ-structure l∂iW on ∂iW , i ∈ {0, 1, h}, by means of the canonical splittings
TW |∂0W = T [a0, a0 + ǫ)|a0 × T (∂0W )
∼= ε⊕ T (∂0W ),
TW |∂1W = T (a1 − ǫ, a1]|a1 × T (∂1W )
∼= ε⊕ T (∂1W ),
TW |∂hW = T [0, ǫ)|0 × T (∂hW )
∼= ε⊕ T (∂hW ),
induced by the standard trivialization of TR, sending ∂/∂x to 1.
Definition 2.1. Let θ = (V → X) be a vector bundle on a space X of rank d. The
θ-cobordism category Cθ,n in R
d+n
〈1〉 is defined as follows:
• An object is a pair (M, lM ) where M ⊂ R
d−1+n
〈1〉 is a compact (d − 1)-
dimensional neatly embedded submanifold; lM is a θ-structure on M .
• A morphism is a triple (a,W, lW ) where a > 0 is a real number; W ⊂
[0, a]× Rd−1+n〈1〉 is a compact d-dimensional neatly embedded submanifold;
lW is a θ-structure on W .
• The source and target of a morphism (a,W, lW ) are given by (∂iW, l∂iW )
for i = 0 and i = 1, respectively.
• Composition of morphisms is defined by
(a′,W ′, l′) ◦ (a,W, l) := (a+ a′,W ∪ sha(W
′), L)
with sha(W
′) denotes the embedding of W ′ shifted by sha : R → R, x 7→
x + a, in the first coordinate; L is defined by the conditions l|W = l and
l|sha(W ′) = l
′ ◦Dsh−1a .
We use the abbreviation Cθ := colim
n→∞
Cθ,n. In this case, note that n is arbitrarily
large and not part of the structure. We will use the notation Cd,n and Cd, respec-
tively, when no θ-structures are considered in the definition of the objects and the
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morphisms of the category. We will generally regard this as a specific case of Cθ
since it corresponds up to homotopy equivalence to the case of the universal vector
bundle of rank d.
Next we recall the definition of the topology on the spaces of objects. For
notational simplicity, we restrict only to the case n =∞. Given a compact smooth
(d − 1)-manifold M with ε-collared boundary, let Embε(M,R+ × R
∞) denote the
space ε-neat embeddings with the C∞-topology. Here “ε-neat embedding” means
a diffeomorphism onto a smooth neatly embedded submanifold, which is cylindrical
in the collar coordinate inside [0, ε) × R∞. Then we define Emb(M,R+ × R
∞) as
the colimit of these spaces as ε→ 0. There is a canonical map
Emb(M,R+ × R
∞)× Bun(ε⊕ TM, θ)→ ob Cθ,
which sends (e, l) to (e(M), l◦(id⊕De−1)), and the topology on the space of objects
is defined by the quotient topology with respect to the collection of these maps,
one for each M , where one representative of each diffeomorphism class suffices.
Similarly, let Diffε(M) denote the group of diffeomorphisms which are cylindrical
near the collared boundary, and let Diff(M) := colimε→0Diffε(M). Note that
Diff(M) acts freely on Emb(M,R+ × R
∞) × Bun(ε ⊕ TM, θ), by precomposition
in both factors. We denote by Bθ(M) the quotient of this action; then we have a
homeomorphism
obCθ ∼=
∐
M
Bθ(M)
where the coproduct ranges over compact smooth (d−1)-manifoldsM with collared
boundary, one from each diffeomorphism class. This defines the topology on the
space of objects.
The analogous construction for compact d-dimensional cobordisms, possibly with
corners which are collared, defines the topology of the space of morphisms. In this
case, we have a homeomorphism
mor Cθ ∼=
∐
W
(0,∞)×Bθ(W )
where Bθ(W ) is the quotient under the Diff(W )-action on the product
Emb(W, [0, 1]× R+ × R
∞)× Bun(TW, θ).
Remark 2.2. Our definition of the cobordism category differs from [3] or [6] in
several respects. Firstly, we use a different definition of tangential structure which
does not require a model for the classifying map of the tangent bundle. Secondly,
we use a reduced version of the cobordism category as suggested in [2, Remark
2.1]. These technical modifications do not affect the homotopy type of the spaces
of objects or morphisms, or of the classifying space. Finally, the category Cθ,n has
no identity morphisms, and we shall consider it here as a non-unital category, while
in [2] the identity morphisms are formally added. Again, the homotopy type of the
classifying space is not affected by this difference (see also Section 3).
Definition 2.3. LetM and N be compact smooth (d−1)-manifolds, possibly with
boundary. A cobordism (with corners) W = (W ; ∂vW = M ⊔N, ∂hW ) from M to
N is an h-cobordism if all of the inclusions
M →֒W ←֓ N, ∂M →֒ ∂hW ←֓ ∂N
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are homotopy equivalences. The category C∼θ ⊂ Cθ is the subcategory which has the
same objects as Cθ, and where the morphisms are h-cobordisms. We will also denote
by C∼d ⊂ Cd the corresponding subcategory where no θ-structures are considered.
3. Non-unital categories and semi-simplicial spaces
Let ∆< ⊆ ∆ denote the subcategory of the simplex category which consists of the
injective maps. A functor X• : ∆
op
< → Spaces is a semi-simplicial space. Similarly
to simplicial spaces, X• has a geometric realization ‖X•‖. This is isomorphic to
the geometric realization of the simplicial space which is associated to X• by freely
adding degeneracies (i.e., by taking the left Kan extension of X• along the inclusion
∆< ⊆ ∆.)
The geometric realization of a semi-simplicial space admits a skeletal filtration
∅ = ‖X•‖−1 ⊆ ‖X•‖0 ⊆ ‖X•‖1 ⊆ · · · ⊆ ‖X•‖n ⊆ · · · ⊆ ‖X•‖ =
⋃
n≥0
‖X•‖n
which is defined inductively as follows: ‖X•‖0 := X0 and there are successive
pushout squares
Xk × ∂∆
k //

‖X•‖k−1

Xk ×∆
k // ‖X•‖k
where the top map is defined using the simplicial operators on X•. It follows that
the geometric realization of a degreewise weak equivalence of semi-simplicial spaces
is again a weak equivalence of spaces. We also refer to [1] for a detailed treatment
of the homotopy theory of semi-simplicial spaces.
The nerve of a non-unital topological category C defines a semi-simplicial space
N•C : ∆
op
< → Spaces, [n] 7→ NnC := mor C ×ob C · · · ×ob C mor C︸ ︷︷ ︸
n
.
Note that N0C = obC. The geometric realization of N•C is the classifying space
of C and will be denoted by BC. We can associate a unital topological category
C ⊕ 1 to a non-unital topological category C, simply by formally adding identities
(disjointly in the topological sense). Then the classifying space of C ⊕1, as a unital
topological category, is isomorphic to the classifying space of C, as a non-unital
topological category.
The following proposition is a variation of well-known results but formulated in
the context of non-unital categories. Given a space X and points x, y ∈ X , we
write Ωx,yX for the space of paths in X starting at x and ending at y. If C is a
(non-unital, topological) category and X,Y are objects of C, then every morphism
from X to Y defines an element in ΩX,YBC, and thus we obtain a continuous map
iX,Y : C(X,Y )→ ΩX,YBC.
For an object X in a (non-unital) category C, there is a ‘transport’ (topological)
category X ≀ C associated to the functor which is represented by the object X . The
objects of X ≀ C are the morphisms in C with source X . This set of objects is
topologized as a subspace of the space of all morphisms in C. The morphisms are
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given by morphisms in C that make the obvious triangle commute. The topology
is defined as the pullback topology using the commutative square of spaces
(1) mor (X ≀ C) //

ob (X ≀ C)

mor (C) // ob (C)
where the horizontal maps evaluate at the source. (This data can be used as the
definition of the transport category, see [2, pp. 235-236].)
Note that the topological category X ≀ C has an initial object if C is unital: this
is given by the identity of X . In this case, it follows that its classifying space is
contractible. In general, there is a canonical functor (X ≀ C)⊕1→ X ≀ (C ⊕1) which
is not an equivalence of categories. For every object Y in C, there is a continuous
map
jX,Y : C(X,Y )→ B(X ≀ C)
which is given by the inclusion of 0-simplices.
Proposition 3.1. Let C be a non-unital topological category and let X be an object
of C such that the projection map
ob(X ≀ C)→ ob(C)
is a Serre fibration, and for every morphism f : Y → Z, the induced map
f∗ : C(X,Y )→ C(X,Z)
is a weak equivalence of spaces. Then, for any object Y of C, the canonical map
(iX,Y , jX,Y ) : C(X,Y )→ ΩX,YBC ×B(X ≀ C)
is a weak equivalence.
Proof. There is a projection functor p : X ≀ C → C, (X → Y ) 7→ Y . The induced
map between classifying spaces is homotopic to the constant map at X . To see
this, it suffices to note that the associated functor
p⊕ 1 : (X ≀ C)⊕ 1→ C ⊕ 1
admits a natural tranformation from the constant functor at X .
Since the map ob(X ≀ C)→ ob(C) is a Serre fibration, the assertion will follow if
we show that the square
ob (X ≀ C) //

B(X ≀ C)

ob (C) // B(C)
is a homotopy pullback. For this, it suffices to show inductively that the square
(2) ‖ N•(X ≀ C) ‖k−1 //

‖ N•(X ≀ C) ‖k

‖ N•C ‖k−1 // ‖ N•C ‖k
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is a homotopy pullback for k ≥ 0. The claim is obvious for k = 0. For the inductive
step, note that the right vertical map in (2) is the pushout of the vertical maps in
the following diagram
‖ N•(X ≀ C) ‖k−1

Nk(X ≀ C)× ∂∆
k //oo

Nk(X ≀ C)×∆
k

‖ N•C ‖k−1 Nk(C)× ∂∆
k //oo Nk(C)×∆
k
The right square is clearly a homotopy pullback. Note that the projection
Nk(X ≀ C)→ Nk(C)
is a Serre fibration since it is obtained as a pullback of ob(X ≀ C) → ob(C). We
assume inductively that the left vertical map in (2) is a quasi-fibration. To see that
the left square in the last diagram is a homotopy pullback, it suffices to show that
the maps between the vertical (homotopy) fibers are weak equivalences. Each of
these maps is either the identity or it is given by post-composition with a morphism
in C. By assumption, these maps are weak equivalences, therefore the left square
above is a homotopy pullback. Thus the square (2) is also a homotopy pullback
and the right vertical map in (2) is again a quasi-fibration. This concludes the
proof. 
Remark 3.2. Proposition 3.1 holds more generally for classes of weak equivalences
between spaces that are closed under homotopy colimits. For example, if the maps
f∗ are homology equivalences, then the resulting map (iX,Y , jX,Y ) is also a homol-
ogy equivalence. The proof is essentially the same. See also [7, Appendix A].
4. Basic properties of the h-cobordism category
In this section, we prove some basic results about the homotopy type of the clas-
sifying space of the h-cobordism category C∼θ ⊆ Cθ. The main result (Proposition
4.4) shows that the homotopy type of each component reduces to the homotopy
type of a space of endomorphisms. This is a consequence of the invertibility of
h-cobordisms by the classical h-cobordism theorem, combined with the results of
Section 3.
We will need the following preliminary lemmas.
Lemma 4.1. The source-target map
(s, t) : mor Cθ → ob Cθ × ob Cθ
is a Serre fibration. As a consequence, the same is true for C∼θ .
Proof. It suffices to show that for each cobordism (W ;M0,M1), the map that re-
stricts to the (vertical) boundary
(3) Bθ(W ) −→ Bθ(M0)×Bθ(M1)
is a Serre fibration. Consider the commutative square
Emb(W, [0, 1]× R∞〈1〉)× Bun(TW, θ)
//

Bθ(W )

Emb(M0 ⊔M1, {0, 1} × R
∞
〈1〉)× Bun(ε⊕ (TM0 ⊔ TM1), θ)
// Bθ(M0)×Bθ(M1)
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The left vertical restriction map is a Serre fibration in each factor. This can be
shown for the first factor following the methods of [5]; for the second factor this
is true because we restrict along a cofibration. Secondly, the horizontal surjective
quotient maps are also Serre fibrations. This can be obtained as a special case of
the main result in [6, Appendix A]. Then it follows that (3) is a Serre fibration. 
Lemma 4.2. Let M = (M, lM ) be an object of Cθ. Then B(M ≀ Cθ) and B(M ≀ C
∼
θ )
are weakly contractible.
Proof. Consider M × [0, 1] as a θ-manifold with the cylindrical θ-structure induced
from lM . For any object N = (N, lN ), the composition map
Cθ(M,N)→ Cθ(M,N), W 7→ W ◦ (M × [0, 1])
is a weak equivalence. It follows, using Lemma 4.1, that the functor
F : M ≀ Cθ →M ≀ Cθ
induced by precomposition with M × [0, 1] is a weak equivalence on each level of
the nerve, and hence on the geometric realization. On the other hand, the map
B(F ) is homotopically constant because F ⊕ 1 receives a natural transformation
from the constant functor at M × [0, 1]. This shows that B(M ≀ Cθ) is contractible.
The same argument applies to B(M ≀ C∼θ ). 
The following proposition establishes one of the main properties of C∼θ as a con-
sequence of the h-cobordism theorem. To state it, denote by π0C
∼
θ the ordinary
category which has the same objects as C∼θ (with the discrete topology), and mor-
phism spaces
(π0C
∼
θ )(M,N) := π0(C
∼
θ (M,N)).
Note that this turns out to be a unital category, whereM×[0, 1] (with the cylindrical
θ-structure) is the identity morphism of M .
Definition 4.3. A θ-structured h-cobordism W ∈ mor C∼θ is called invertible if it
defines an isomorphism in π0C
∼
θ .
Proposition 4.4. For d ≥ 7, any morphism in C∼θ is invertible.
Proof. A morphism in C∼θ is represented by a compact smooth neatly embedded
d-manifold with corners, depicted as follows,
∂(∂hW ) //

∂hW

M ∐N // W
together with a bundle map lW : TW → θ inducing θ-structures lM on ∂0W = M
and lN on ∂1W = N .
It is enough to show that any such morphism admits a right inverse. We first
construct an (abstract) h-cobordism U from N to M , such that W ◦ U is diffeo-
morphic, relative to both ends, to N × [0, 1]. In the case where ∂hW is empty or
diffeomorphic to a product cobordism, and d ≥ 6, the existence of such a U is a
well-known consequence of the s-cobordism theorem.
To construct U in the general case, we first construct a cobordism U ′ with target
M such that the horizontal boundary ∂h(W ◦ U
′) is diffeomorphic to a product
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cobordism. To do this, we choose a right inverse (∂hW )
−1 of ∂hW . Consider the
manifold with corners
Z := [0, 1]×M
and choose an embedding of (∂hW )
−1 into (0, 1] × ∂M . After rearranging the
boundary pieces of Z, we obtain a cobordism U ′ which ends at {1}×M and starts
from
∂0U
′ = {0} ×M ∪ ([0, 1]× ∂M − (∂hW )−1),
with horizontal boundary ∂hU
′ = (∂−W )−1. This is again an h-cobordism. This
completes the construction of U ′. Since ∂h(W ◦ U
′) is diffeomorphic to a product
cobordism, it has a right inverse U ′′. Then, U := U ′ ◦ U ′′ and W ◦ U will be
diffeomorphic, relative to both ends, to N × [0, 1]. This completes the construction
of U .
Next choose a collar for U and a neat embedding of U into [0, 1]× R∞〈1〉; this is
possible because the space of neat embeddings is contractible [3, Theorem 2.7]. For
the same reason, the induced embeddings of M ∼= ∂1U and N ∼= ∂0U into R
∞
〈1〉 will
be isotopic to the inclusion maps. We have already used in the proof of Lemma 4.1
that the restriction map
Emb(U, [0, 1]× R∞〈1〉)→ Emb(N ⊔M, {0, 1} × R
∞
〈1〉)
is a Serre fibration; hence after possibly changing the neat embedding of U by an
isotopy, we can assume that ∂1U = M and ∂0U = N as subsets of R
∞
〈1〉.
Next we construct a suitable θ-structure on U . By the h-cobordism condition,
any bundle map ε ⊕ TM → θ extends to a bundle map l′U on TU , inducing a θ-
structure l′N on N = ∂0U . The composite θ-structure on W ◦U
∼= N × [0, 1] is then
a homotopy of bundle maps between lN and l
′
N . We insert a backwards copy of
this bundle homotopy in a cylinder near N×{0}. This defines a new θ-structure lU
on U which induces lN on N = ∂0U . Composing lU with lW defines a θ-structure
on W ◦U ∼= N × [0, 1] which is homotopic, relative to both ends, to the cylindrical
θ-structure.
Then the morphism U = (1, U, lU ) is a morphism from (N, lN ) to (M, lM ), and
W ◦ U = N × [0, 1] in π0C
∼
θ (N,N). 
We can now prove our main result in this section.
Proposition 4.5. Let d ≥ 7 and M and N be objects of C∼θ . Then, the canonical
map
iM,N : C
∼
θ (M,N)→ ΩM,NBC
∼
θ
is a weak equivalence.
Proof. We check that the assumptions of Proposition 3.1 are satisfied. The projec-
tion ob(M ≀ C∼θ )→ ob(C
∼
θ ) is a Serre fibration because the source-target map (s, t)
is a Serre fibration by Lemma 4.1. Moreover, by Lemma 4.2, the space B(M ≀ C∼θ )
is weakly contractible. Lastly, any h-cobordism W : N → P in C∼θ is invertible by
Lemma 4.4, and it follows easily that the induced map
W∗ : C
∼
θ (M,N)→ C
∼
θ (M,P )
is a homotopy equivalence of spaces, with right (left) homotopy inverse induced by
a right (left) inverse of W . 
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5. Comparison with the h-cobordism space
5.1. Outline. We start by giving an informal definition of the terms appearing
in Theorem 1.1 and an outline of the strategy of proof. We fix a vector bundle
θ = (V → X) of rank d. Given a (d − 1)-dimensional compact manifolds M ,
N with θ-structures lM and lN , a θ-embedding from M into N is an embedding
e : M → N together with a bundle homotopy from lM to lN ◦ (id⊕De). It is called
a θ-h-embedding if, moreover, the complement N−e(intM) is an h-cobordism from
e(∂M) to ∂N .
Given a ∂-trivial h-cobordism (W ;M,N) and a θ-structure on M , we first note
that W and hence N inherit θ-structures from the one on M . Then given a θ-h-
embedding e from M into N , we can construct an endomorphism of M in C∼θ by
introducing corners in W at ∂M and e(∂M). This construction defines the map
Emb∼θ (M,N)→ C
∼
θ (M,M)
≃
−−→
4.5
ΩMBC
∼
θ
appearing in the statement of Theorem 1.1.
On the other hand, given any morphism W : M → N in C∼θ , after straightening
the corners and forgetting the θ-structure, we may view W as an h-cobordism on
M , whose loose end is ∂hW ∪ N . Applying this construction to the case N = M
defines the second map of Theorem 1.1,
ΩMBC
∼
θ
≃
←−−
4.5
C∼θ (M,M)→ H(M).
To make sure that these constructions are continuous and prove the theorem,
we replace ΩMBC
∼
θ ≃ C
∼
θ (M,M) by yet another space H
θ
M (M) whose points are
∂-trivial h-cobordisms W on M (for technical reasons, this is assumed to have
codimension 2 corners at ∂M), together with a θ-structure on W extending the
one on M , and an additional θ-h-embedding from M into the loose end of W . The
construction from above refines to a map
C∼θ (M,M)→ H
θ
M (M),
and in Proposition 5.2 we show that this map is a homotopy equivalence. The
homotopy inverse map corresponds to the operation of introducing corners at
the boundary of the additional embedding. The homotopy fiber of the forgetful
map HθM (M) → H(M), over some (W ;M,N) is easily seen to be equivalent to
Emb∼θ (M,N), so Theorem 1.1 follows.
5.2. The h-cobordism space H(M). Let M be a compact smooth (d − 1)-manifold
with boundary ∂M . A ∂-trivial h-cobordism on M is a compact smooth d-manifold
W whose boundary splits as a union
∂W = M ∪N
along a smooth submanifold of codimension one which is the common boundary of
M and N . Following [8], the h-cobordism space H(M)• is a simplicial set where a
p-simplex is a smooth bundle π : W → ∆p with a trivial subbundle M ×∆p ⊆ E
such that for each x ∈ ∆p, π−1(x) is a ∂-trivial h-cobordism on M ∼= M × {x}.
This is a classifying space for bundles of ∂-trivial h-cobordisms on M , i.e., there is
a weak equivalence
|H(M)•| ≃
∐
W
BDiff(W ;M)
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where W is a ∂-trivial h-cobordism on M , one from each diffeomorphism class.
Here Diff(W ;M) denotes the group of diffeomorphisms of W that fix M pointwise.
It will be convenient to use the following geometric model for the h-cobordism
space. Fix a neat embedding M0 = (M, eM : M →֒ {0} × R+ × R
N ). We define a
model for |H(M)•| by
H(M0) :=
∐
W
H(M0)W :=
∐
W
Emb(W,R∞〈2〉;M0)/Diff(W ;M)
where:
(i) the coproduct ranges over the diffeomorphism classes of compact smooth
d-manifolds with corners (W ;M,N, ∂M = ∂N), where W is collared as
manifold with corners at ∂M , and the inclusions M →֒ W ←֓ N are homo-
topy equivalences. We refer to these as cornered ∂-trivial h-cobordisms on
M . This index set agrees with the set of diffeomorphism classes of ∂-trivial
h-cobordisms on M by the process of straightening corners.
(ii) Emb(W,R∞〈2〉;M0) denotes the space of smooth neat embeddings into R+×
R+ × R
∞ that restrict to the chosen embedding eM on M .
(iii) Diff(W ;M) denotes the subgroup of elements in Diff(W ) that fix M point-
wise and are cylindrical at the bicollared boundary. (This is not the same
as Diff(W ;M) for a manifold W with boundary but no corners, in the
sense used earlier, but the operation of straightening the corners defines a
homotopy equivalence between these two models.)
This defines a model for the same classifying space by straightening corners, using
the methods described in the Apppendix, and by the contractibilty of the spaces
of collars (cf. [8, 1.1.1(b)]).
5.3. The h-cobordism space HθM (M0). We compare the h-cobordism space H(M0)
with the loop space atM0 of the classifying space of the h-cobordism category. More
specifically, using Proposition 4.5, we will compare the h-cobordism space directly
with the corresponding mapping space in the h-cobordism category. Note that the
main differences between these two spaces is that the h-cobordisms in C∼θ (M0,M0)
are θ-structured and both of their ends are fixed and given by M , while in H(M0)
only one end of the h-cobordisms is fixed and identified with M . Our main result
in this section will produce a highly connected map connecting these two spaces
when appropriate θ-structures are considered.
For the general comparison of these two spaces, we introduce an auxiliary inter-
mediate space of h-cobordisms denoted by HθM (M0). We will show that this is a
model up to homotopy equivalence for the space C∼θ (M0,M0) which is convenient
for the comparison with H(M0).
We consider first the case without θ-structures. In this case, the space HM (M0)
is a variation of the h-cobordism space H(M0) in which each cornered ∂-trivial
h-cobordism comes with an additional embedding of M into the boundary of the
cobordism and this embedding satisfies certain conditions. The precise definition is
as follows: for each cornered ∂-trivial h-cobordism W on M , we consider the space
HM (M0)W := Emb(W,R
∞
〈2〉;M0)×Diff(W ;M) Emb
∼(M,∂W −M)
where:
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(i) Emb(W,R∞〈2〉;M0) denotes the space of smooth neat embeddings which ex-
tend the embedding eM of M .
(ii) Emb∼(M,∂W − M) denotes the space of h-embeddings, that is, smooth
collared embeddings ι : M → ∂W−M such that
(
∂W−int(M)
)
−int(ι(M))
is an h-cobordism from ∂M to itself. In particular, the embedding ι is a
homotopy equivalence.
(iii) The group Diff(W ;M) acts on Emb(M,∂W−M) by post-composition, and
on Emb(W,R∞〈2〉;M0) by precomposition.
We define HM (M0) : =
∐
W HM (M0)W where the coproduct ranges over the dif-
feomorphism classes of cornered ∂-trivial h-cobordisms on M . This space differs
from C∼d (M0,M0) essentially in two respects: first, given an element
(ψ : W →֒ R∞〈2〉, ι : M →֒ ∂W −M),
the induced embedding ψ ◦ ι is not fixed, and secondly, such pairs appear as endo-
morphisms in C∼d (M0,M0) after some of their corner points are straightened. For
dealing with the first difference, it will be convenient to consider the following map
in order to compareHM (M0) with the endomorphisms in the h-cobordism category,
HM (M0)W
rW−−→ Emb(M,R∞〈1〉), rW (ψ, ι) = ψ ◦ ι.
Lemma 5.1. The map rW is a Serre fibration.
Proof. It suffices to show that the map
r˜W,n : Emb(W,R
n
〈2〉;M0)× Emb
∼(M,∂W −M) −→ Emb(M,Rn−1〈1〉 )
is a Serre fibration for n large enough. Let j : M →֒ Rn−1〈1〉 be an embedding. By
[5], there is an open neighborhood Uj containing j and a map z : Uj → Diff(R
n
〈2〉)
such that j′ = z(j′) ◦ j for each j′ ∈ Uj . Then the map
r˜−1W,n(Uj)→ r˜
−1
W,n(j)× Uj , (ψ, ι) 7→ (z(ψ ◦ ι)
−1 ◦ ψ, ι, ψ ◦ ι)
is a homeomorphism over Uj with inverse given by (ψ, ι, j
′) 7→ (z(j′) ◦ψ, ι). There-
fore r˜W,n is a fiber bundle and the required result follows. 
The homotopy equivalence between C∼d (M0,M0) and HM (M0) is based on the
following observations. Firstly, as a consequence of Lemma 5.1 and the fact that
Emb(M,R∞〈1〉) is contractible, the inclusion of a fiber r
−1
W (j) →֒ HM (M0)W is a
weak equivalence for each embedding j : M →֒ R∞〈1〉. Thus, we may restrict to the
subspace of pairs (ψ, ι) ∈ HM (M0)W for which ψ ◦ ι is a fixed embedding without
changing the homotopy type. Secondly, an endomorphism in C∼d (M0,M0) gives rise
to a pair in this subspace by straightening the corners at the outgoing boundary.
Moreover, this procedure can also reversed up to homotopy by introducing corners
at the embedded ι(∂M). This is the rough outline of the comparison between these
two spaces which we follows next in more detail.
There is a comparison map between the spaces C∼d (M0,M0) and HM (M0),
J : C∼d (M0,M0)→ HM (M0),
which is defined as follows. For each h-cobordism (a,W ) ∈ C∼d (M0,M0), let Φ(W )
denote the cornered ∂-trivial h-cobordism on M that is obtained by straightening
the corner at {a} × {0} ×R∞ – the map Φ that straightens corners is discussed in
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detail in the Appendix. Then, for each such W , the map J is induced by the map
(ignoring the auxiliary a > 0):
Emb(W, [0, 1]×R+×R
∞; ∂vW )→ Emb(Φ(W ),R
∞
〈2〉;M0)×Emb
∼(M,∂Φ(W )−M)
which sends a neat embedding of the h-cobordism (W ;M0,M1):
ψ : W → [0, 1]× R+ × R
∞
to the pair (Φ(ψ), ιM1 ), where:
Φ(ψ) : Φ(W )
Φ−1
−−−→W
ψ
−→ [0, 1]× R+ × R
∞ Φ×id−−−→ R∞〈2〉
ι : M =M1
Φ
∼= Φ(M1) ⊆ ∂Φ(W )−M0.
Note that this map preserves the respective actions of the diffeomorphism groups
Diff(W ; ∂vW ) and Diff(Φ(W );M0).
Proposition 5.2. The map J is a homotopy equivalence.
Proof. Since rW is a fibration and Emb(M,R+×R
∞) is contractible, it follows that
the space HM (M0)Φ(W ) is homotopy equivalent to the fiber of rΦ(W ) at the point
Φ(eM ), denoted by F . By definition, the map J takes values in this fiber and we
claim that the restriction of this map
JW : C
∼
d (M0,M0)W → F
is a weak equivalence. To see this, it suffices to identify these two spaces as classify-
ing spaces of certain types of bundles, and see that these types of bundles correspond
to each other up to isomorphism bijectively. For a CW-complex X , the set of maps
X → C∼d (M0,M0)W (≃ BDiff(W ; ∂vW ))
corresponds to the set S1 of pairs (E, π : E → X), where:
• E is a subspace of X × I × R∞〈1〉 such that the projection π : E → X is a
bundle with fiberW , as smooth h-cobordism with corners, and the inclusion
of each fiber to I × R∞〈1〉 is a neat embedding,
• the restriction of π : E → X to the fiberwise vertical boundary ∂πvE → X
is identified with X× (M ⊔M) ⊆ X×I×R∞〈1〉 (using eM,i : M →֒ {i}×R
∞
〈1〉
for i = 0, 1).
On the other hand, the set of maps X → F corresponds to the set S2 of triples
(V, ξ : V → X, ι), where:
• V is a subspace of X×R∞〈2〉 such that the projection ξ : V → X is a bundle
with fiber Φ(W ), as ∂-trivial h-cobordism on M , and the inclusion of each
fiber to R∞〈2〉 is a neat embedding,
• the restriction to the fiberwise incoming boundary ∂ξ0V → X is given by
X ×M ⊆ X × {0} × R∞〈1〉 (using eM ),
• there is an embedding ι : X × M →֒ (∂ξV − ∂ξ0V ) which is fiberwise an
h-embedding. Moreover, the image of this embedding agrees with the sub-
space X ×M ⊆ X × R+ × {0} × R
∞ (using Φ(eM )).
The process of fiberwise straightening the corners at the boundary ∂M of the
fiberwise outgoing boundary of π : E → X yields a map S1 → S2. Conversely, the
process of introducing corners to ξ : V → X , fiberwise at ι(∂M ×X), defines a map
in the other direction S2 → S1. (These operations can be made using the map Φ
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and the methods of the Appendix.) These two operations induce inverse bijections
after passing to the concordance classes of elements in S1 and S2, respectively.
Lastly, an analogous arguments shows that the map J is π0-surjective. 
Next we discuss the definition and properties ofHθM (M0) for general θ-structures.
We consider a fixed vector bundle θ = (V → X) of rank d. In addition, (M, eM , lM )
will denote a fixed θ-structure on M0 (assuming this exists), so that this can be
regarded as an object in C∼θ . Informally, the space H
θ
M (M0) is a variation of the
space HM (M0) in which the h-cobordisms are also endowed with a θ-structures
together with an identification of lM with the θ-structure that is induced by the
additional embedding of M . The precise definition is as follows. For each cornered
∂-trivial h-cobordism W on M , we consider the space
Eθ,W :=
(
Emb(W,R∞〈2〉;M0)×Bun(TW, θ; ε⊕TM)
)
×Diff(W ;M)Emb
∼(M,∂W−M)
where:
(i) Emb(W,R∞〈2〉;M0) denotes the space of neat embeddings which extend the
embedding eM of M .
(ii) Emb∼(M,∂W −M) denotes the space of h-embeddings, i.e., smooth col-
lared embeddings ι : M → ∂W −M such that
(
∂W − int(M)
)
− int(ι(M))
is an h-cobordism from ∂M to itself. (In particular, the embedding ι is a
homotopy equivalence.)
(iii) Bun(TW, θ; ε ⊕ TM) denotes the space of bundle maps TW → θ which
restrict to the chosen θ-structure on the collared boundary M .
(iv) The group Diff(W ;M) acts on Emb(M,∂W−M) by post-composition, and
on Emb(W,R∞〈2〉;M0)× Bun(TW, θ; ε⊕ TM) by pre-composition.
We consider the restriction map
Eθ,W
cW−−→ Bun(ε⊕ TM, θ), cW (ψ, lW , ι) = lW ◦ (id⊕D(ι)).
Definition 5.3. Let W be a cornered ∂-trivial h-cobordism on M . We define
HθM (M0)W to be the homotopy fiber of the map cW taken over the point lM ∈
Bun(ε⊕ TM, θ). We write
HθM (M0) : =
∐
W
HθM (M0)W
where the coproduct ranges over cornered ∂-trivial h-cobordisms on M , one from
each diffeomorphism class.
Observe that this definition agrees up to homotopy equivalence with our previous
definition of HM (M0), in the case where there are no θ-structures, as a consequence
of Lemma 5.1. There is a comparison map between the spaces C∼θ (M0,M0) and
HθM (M0),
Jθ : C
∼
θ (M0,M0)→ H
θ
M (M0),
which is defined as follows. For each h-cobordism (a,W, lW ) ∈ C
∼
θ (M0,M0), the
map Jθ is induced by the following map (for ǫ sufficiently small):
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(4) Embǫ(W, [0, 1]× R+ × R
∞; ∂vW )× Bun(TW, θ; ε⊕ TM)y
Emb(Φ(W ),R∞〈2〉;M0)× Bun(TΦ(W ), θ; ε⊕ TM)× Emb
∼(M,∂Φ(W )−M0)
which sends a ǫ-neat embedding of the θ-structured h-cobordism (W ;M0,M1):
ψ : W → [0, 1]× R+ × R
∞, TW
l
−→ θ
to the triple (Φ(ψ),Φ(l), ιM1 ) defined as follows:
Φ(ψ) : Φ(W )
Φ−1
−−−→W
ψ
−→ [0, 1]× R+ × R
∞ Φ×id−−−→ R∞〈2〉
Φ(l) : TΦ(W )
(TΦ−1,≃)
−−−−−−→ TW
l
−→ θ
ι : M =M1
Φ
∼= Φ(M1) ⊆ ∂Φ(W )−M0.
Here (TΦ−1,≃) stands for a fixed choice of an isomorphism which covers the map
Φ−1 : Φ(W )→W . This isomorphism is supposed to agree with the bundle map in-
duced by Φ−1 outside a fixed ǫ-small neighborhood of the corner points, and comes
together with a bundle homotopy which identifies it with this bundle map (induced
by Φ−1) away from the corner points. Then note that the map (4) preserves the re-
spective actions of the diffeomorphism groups Diffǫ(W ; ∂vW ) and Diff(Φ(W );M0).
This correspondence defines a map to Eθ,W which produces canonically up homo-
topy a map to the homotopy fiber HθM (M0)W by using the choice of the bundle
homotopy for (TΦ−1,≃).
Proposition 5.4. The map Jθ is a homotopy equivalence.
Proof. Note that for each W there is a square, commutative up to a preferred
homotopy,
C∼θ (M0,M0)W
Jθ
//
pW

HθM (M0)Φ(W )
qΦ(W )

C∼d (M0,M0)W
J
≃
// HM (M0)Φ(W )
where the vertical maps are given by forgetting the θ-structures. By Proposition
5.2, it suffices to show that this is a homotopy pullback. Consider the following
homotopy commutative diagram
hofib(qΦ(W )) //

Bun(TΦ(W ), θ; ε⊕ TM)
i

**❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
Bun(ε⊕ TM, θ)
HθM (M0)Φ(W )
//
qΦ(W )
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
Eθ,Φ(W )

cΦ(W )
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
HM (M0)Φ(W )
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where both columns are homotopy fiber sequences, taken over a point (ψ, ι) ∈
HM (M0)Φ(W ), and both rows define homotopy fiber sequences by definition. This
diagram identifies the homotopy fiber of qΦ(W ) with the homotopy fiber of the map
cΦ(W ) ◦ i : Bun(TΦ(W ), θ; ε⊕ TM)→ Bun(ε⊕ TM, θ)
(l : TΦ(W )→ θ) 7→ (ε⊕ TM
id⊕D(ι)
−−−−−→ TΦ(W )
l
−→ θ).
Then the canonical map between the homotopy fibers hofiber(pW )→ hofib(qΦ(W ))
is identified with the canonical weak equivalence
Bun(TW, θ; ε⊕T∂vW ) ≃ hofiber
(
Bun(TΦ(W ), θ; ε⊕TM)
cΦ(W )◦i
−−−−−→ Bun(ε⊕TM, θ)
)
and the result follows. 
Next we compare the space HθM (M0) with the h-cobordism space H(M0). For
each ∂-trivial h-cobordism W on M , there is a comparison map
Qθ,W : H
θ
M (M0)W → H(M0)W
which simply forgets the additional embedding of M and the θ-structures.
Definition 5.5. Let N be a smooth (d− 1)-dimensional manifold and let τ : ε1 ⊕
TN → θ be a bundle map endowing N with a θ-structure. We define the space of
θh-embeddings Emb∼θ (M,N) to be the homotopy fiber at (lM : ε⊕TM → θ) of the
map
sθ,N : Emb
∼(M,N) −→ Bun(ε⊕ TM, θ), (ι : M → N) 7→
(
τ ◦ (id⊕D(ι))
)
.
Proposition 5.6. Let W be a cornered ∂-trivial h-cobordism on M together with
a θ-structure lW : TW → θ which extends lM . There is a homotopy fiber sequence
Emb∼θ (M,∂W −M)→ H
θ
M (M0)W
Qθ,W
−−−→ H(M0)W .
Proof. The map sθ,N induces a map as follows,
Eθ,W
g
−→ E ′θ,W := Emb(W,R
∞
〈2〉;M0)×Diff(W ;M)
(
Bun(TW, θ; ε⊕TM)×Bun(ε⊕TM, θ)
)
.
SinceW is an h-cobordism, the space Bun(TW, θ; ε⊕TM) is contractible. Therefore
the homotopy fiber of this map g is identified with Emb∼θ (M,∂W −M) (taken over
the point which is defined by lM ). Moreover, since Diff(W ;M) acts trivially on
Bun(ε⊕ TM, θ), we have
E ′W ≃ H(M0)W × Bun(ε⊕ TM, θ).
Then consider the following homotopy commutative diagram:
HθM (M0)W
//
Qθ,W

EW
cW
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
g

Bun(ε⊕ TM, θ)
H(M0)W // E
′
W
p
88qqqqqqqqqqq
where p is identified with the canonical projection. By definition, the top row is a
homotopy fiber sequence at lM . The lower row is also a homotopy fiber sequence
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by the previous observations. Hence the left square is a homotopy pullback and the
result follows. 
Proof of Theorem 1.1. Combine Propositions 5.4 and 5.6 with Proposition
4.5. 
5.4. Tangent bundles as θ-structures . In this subsection, we specialize our previous
results to the case where the θ-structure corresponds to the tangent bundle of a
compact smooth (d− 1)-manifold.
Let M be a smooth connected compact (d − 1)-manifold of handle dimension
k < d− 3. Let θM denote the vector bundle ε⊕TM over M of rank d. Note that a
θM -structure on a compact smooth d-cobordismW is a bundle map TW → ε⊕TM.
Clearly M admits a θM -structure which is given by the identity map idε⊕TM .
Proposition 5.7. Let W be a cornered ∂-trivial h-cobordism on M together with a
θM -structure lW : TW → ε⊕TM which extends the identity structure on M . Then
the space Emb∼θM (M,∂W −M) is (d− 2k − 3)-connected.
Proof. Let N = ∂W − M . First consider the inclusion map Emb(M,N) →
Imm(M,N) into the space of immersions. This map is (d − 2k − 2)-connected by
[9, p. 70], [4, Corollary 2.5]. Note that for such homotopical assertions, it suffices
to work with the interior of the manifold M . By our assumptions on the handle di-
mension k < d−3, it follows that ∂M is also connected and π1(∂M) ∼= π1(M). As a
consequence, the space Emb∼(M,N) consists exactly of those smooth embeddings
which are homotopy equivalences. By restricting to the appropriate set of path com-
ponents, we obtain also a (d−2k−2)-connected map Emb∼(M,N)→ Imm∼(M,N).
By immersion theory and the Hirsch-Smale theorem, the space of immersions
Imm(M,N) is homotopy equivalent to the space Bun(TM, TN). Note that M
has no closed components because it is homotopy equivalent to a space of smaller
dimension. As a consequence, we also have Imm∼(M,N) ≃ Bun∼(TM, TN) where
the latter space contains those bundles maps which are homotopy equivalences
between the bases.
The space Bun(TM, TN) includes into the space Bun(ε⊕ TM, ε⊕ TN) by sta-
bilization. This map is (d − k − 2)-connected since the inclusion Od−1 → Od is
(d− 2)-connected and M is k-dimensional up to homotopy equivalence.
Lastly, the map Bun(ε⊕ TM, ε⊕TN)→ Bun(ε⊕ TM, ε⊕ TM), given by com-
position with the θM -structure on N , is a homotopy equivalence. This is because
this θM -structure is a homotopy equivalence between the bases since it is restricted
from lW and W is an h-cobordism on M .
As a consequence, the map sθM ,N : Emb
∼(M,N) −→ Bun∼(ε ⊕ TM, ε⊕ TM)
is (d − 2k − 2)-connected. Therefore its homotopy fiber Emb∼θM (M,∂W −M) is
(d− 2k − 3)-connected. 
Proof of Theorem 1.2. As before, we fix an embedding eM : M →֒ {0}×R+×R
∞
and considerM0 = (M, eM , idε⊕TM ) as an object of C
∼
θ . Then combine Proposition
5.7 with Theorem 1.1. 
Appendix A. Straightening corners
The goal of this appendix is to give a rigorous model for the straightening pro-
cedure used in this article.
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Let I := [0, 1] and R+ := [0,∞). Choose, once and for all, a homeomorphism
(5) Φ: I × R+ → R+ × R+
which is a diffeomorphism except at the corner point (1, 0), and which is prescribed
in a neighborhood of the boundary as follows:
(i) in a neighborhood of {0} × R+ and of [0, 1)× {0}, Φ is the identity;
(ii) in a neighborhood of {1} × (0,∞), Φ is rotation by π/2;
(iii) in a neighborhood of the corner point (1, 0), Φ preserves the radial coordi-
nate and scales the angle by a diffeomorphism
α : [0, π/2]→ [0, π]
where α(t) = t on [0, π/6], and α(t) = t+π/2 on [π/3, π/2]. Here the angle
is measured clockwise from (1,0).
Remark A.1. A more naive condition in (iii) would be that α just doubles the angle.
But this is inconsistent with conditions (i) and (ii).
We will show at the end of this section that such a map exists, and, moreover,
that the space of all such maps, equipped with a suitable topology, is contractible.
For the ease of notation, we will also write Φ for any map of the type Φ× idRn .
With this convention in mind, ifW ⊂ I×R+×R
n−2 is a compact neat submanifold,
then
Φ(W ) ⊂ R+ × R+ × R
n−2
is a again neat submanifold. Note that Φ(W ) and W are homeomorphic. They are
diffeomorphic except at the region {1} × {0} × Rn−2, where W has corner points
but Φ(W ) does not. Moreover, if
e : W → I × R+ × R
n−2
is a neat embedding, then
Φ ◦ e ◦ Φ−1 : Φ(W )→ R+ × R+ × R
n−2
is also a smooth neat embedding.
Lemma A.2. For compact smooth manifold W , possibly with corners, the induced
map
(6) Φ ◦ − ◦ Φ−1 : Emb(W, I × R+ × R
n−2)→ Emb(Φ(W ),R+ × R+ × R
n−2)
is continuous.
Recall that the topology on the spaces of (neat) embedding under consideration
is such that a map from the embedding space is continuous if and only if it is
continuous on the restriction to the subspace of ε-neat embeddings, for every ε > 0.
Proof. We denote by
int′W := W ∩ ([0, 1)× (0,∞)× Rn−2).
For any δ > 0, there is an (injective, continuous) restriction map
R : Embδ(Φ(W ),R+ × R+ × R
n−2)→ Emb(Φ(int′W ),R+ × (0,∞)× R
n−2)
where both the domain and the target have the compact-open C∞-topology.
Claim. The first space has the subspace topology of the second.
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This claim will imply the Lemma: choosing δ > 0 small enough, we have a
commutative square
Embε(W, I × R+ × R
n−2)
R
//
Φ◦−◦Φ−1

Emb(int′W, [0, 1)× (0,∞)× Rn−2)
Φ◦−◦Φ−1

Embδ(Φ(W ),R+ × R+ × R
n−2)
R
// Emb(Φ(int′W ),R+ × (0,∞)× R
n−2))
where the right vertical map is continuous, for it is given by pre- and post-composition
with a smooth map; then the left vertical map is continuous as well, by the definition
of the subspace topology.
To prove the claim, we recall that the topology on the domain of R is given by
the family of semi-norms
‖e‖β,α := sup
x∈Uβ
∥∥∂α(e ◦ hβ)
∂xα
(x)
∥∥
where β runs through the indexing set of a cover of Φ(W ) by compact charts
hβ : R+ × R+ × R
d−2 ⊃ Uβ → Vβ ⊂ Φ(W ),
and α runs through the set of multi-indices in {1, . . . , n}. We may choose such a
cover as follows: the charts that meet a δ/2-neighborhood of Φ(W − int′W ), are of
the form h¯β × id[0,δ/2] for some chart h¯β on the boundary.
In contrast, the topology on the target of R is given by a similar family of semi-
norms ‖e‖β′,α where β
′ now runs through the indexing set of a cover of int′Φ(W )
by compact charts. Here we use the following cover: the charts that do not meet
the δ/2-neighborhood of Φ(W − int′W ) are precisely the same as above; each chart
h¯β × id[0,δ/2] as above is covered by the countably many charts h¯β × id[δ/n,δ/2].
Now assume that e is in the image of R. Then, for any α, the semi-norms of
such a countable family agree with the seminorm of the chart h¯β × id[0,δ/2], for e
is δ-neat. This shows that the family of seminorms on the image of R is equivalent
to the family of seminorms on the domain of R. 
Let θ := (V → X) be a vector bundle of rank d on a space X . Next we discuss
how Φ(W ) inherits a θ-structure from W . The map
Φ: W → Φ(W )
is a diffeomorphism except at the set corner points, which we denote by ∂01W . This
induces a bundle isomorphism
DΦ: TW |W−∂01W → TΦ(W )|Φ(W−∂01W )
covering Φ. This bundle map does not extend to a bundle map on TW (unless
∂01W is empty). Thus, instead of θ-structures on W , it will be convenient to work
here with bundle maps
lW : TW |intW → θ.
Such a bundle map determines, uniquely up to a contractible choice, a bundle map
on all of TW , which then defines a θ-structure on W . As a consequence, a θ-
structure lW on W induces (canonically up to a contractible space of choices) a
θ-structure on Φ(W ) that corresponds to the bundle map
lΦ(W ) : TΦ(W )|intW
DΦ−1
−−−−→ TW |intW
lW−−→ θ.
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We will not explicitly write down the corresponding (zigzag) continuous map be-
tween the respective spaces of embeddings of manifolds with θ-structures.
Remark A.3. It should be noted that with this weaker definition of θ-structure on
the morphism space of Cd,n, the resulting space of θ-structured cobordisms will not
be the morphism space of a topological category anymore (there is no canonical
source-target map anymore).
Next we show that a map Φ as postulated in (5) exists. Choose first some
diffeomorphism α as required in condition (iii), and some 0 < ε < 1. Denote by Bε
the open ε-ball around (1, 0) ∈ I × R+, and define Φ first on Bε by rescaling the
angle by α. Then we note that we can extend this map smoothly by the identity to
the entire open ε/2-neighborhood of I × R+ and by rotation by π/2 to the entire
open ε/2-neighborhood of the ray {1} × R+. Using such an extension, we may
clearly further extend Φ to some neighborhood N of ∂(I × R+) in such a way so
that conditions (i) and (iii) hold.
To extend Φ to all of I × R+, we use an isotopy extension argument. In more
detail, consider the isotopy
αs : [0, π/2]→ [0, π], t 7→ t · (1− s) + α(t) · s (s ∈ [0, 1]).
Then is an obvious isotopy between the inclusion N → R+ × R+ and Φ|N , which
scales the angle at time s by αs. This is a smooth isotopy except at the corner
point (1, 0) and hence comes equipped with a flow vector field outside (1, 0), which
we may extend to a smooth vector field on all R+×R+−{(1, 0)}. We can certainly
also arrange that the slopes of the vectors stay bounded as y → ∞, decreasing N
if necessary. In this case the flow from every point in I × R+ exists at least to the
time s = 1. Evaluating the flow at time s = 1 then defines a map Φ as required.
If Φ and Φ′ are two maps as in (5), then
H := Φ′ ◦ Φ−1 : R+ × R+ → R+ × R+
is a homeomorphism, diffeomorphism except at (1, 0), and there is an ε > 0 such
that the restriction of H to R+ × [0, ε) is as follows:
(i) In polar coordinates around (1, 0), H preserves the radius and rescales the
angle by some self-diffeomorphism α of [0, π/2] which is the identity on
[0, π/6] and [π/3, π/2].
(ii) Outside the cone formed by the rays of angle π/6 and π/3 starting at (1, 0),
H is the identity.
Denote by Dε the space of all such self-homeomorphisms of R+ ×R+, equipped
with the locally convex topology induced by the semi-norms
‖H‖K,α := sup
x∈K
∥∥∂αH
∂xα
(x)
∥∥,
where K ranges over the compact subsets of the interior of R+×R+, and α ranges
over the multi-indices in {1, 2}. Finally, we let D = colimε→0D
ε.
Lemma A.4. D is contractible.
Proof. The inclusion D2ε → Dε is homotopic to a map which lands inside the
subspace Dε∂ of those maps where α = id. The homotopy is given by taking the
straight line isotopy between α and the identity, and applying it in the radial
coordinate around (1, 0).
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Now note that any element of Dε∂ defines just as well a diffeomorphism of the
manifold K obtained from R+ × R+ by smoothing the corners. In more detail, let
K be the manifold with boundary (but without corners) obtained from R+×R+ by
straightening the corners, and let Diffε∂(K) denote the space of diffeomorphisms of
K which are the identity in an ε-neighborhood of the boundary, which the compact-
open C∞-topology. Then the inclusion of Dε∂ into the colimit factors canonically
through some Diffε
′
∂ . As K is diffeomorphic to R+ × R, we have Diff
ε
∂(K) ≃ ∗, by
the usual rescaling isotopy.
Hence the inclusion D2ε → D is nullhomotopic, for any ε. 
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